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166-3 73 75- ABSTRACT 
This  paper extends previous work on the  impedance of a p a r a l l e l  
p l a t e  capac i to r ,  f i l l e d  w i t h  warm plasma, t o  t a k e  account of a s t a t i c  
magnetic f i e l d .  Computations a r e  presented f o r  p a r a l l e l  p l a t e  and 
c o a x i a l  cy l inde r  geometries,  and i n d i c a t e  series of resonances occur r ing  
a t ,  and between, t he  e l e c t r o n  cyc lo t ron  frequency harmonics. I t  i s  
suggested t h a t  if t h e  t h e o r e t i c a l  results w e r e  confirmed experimental ly ,  
plasma admit tance measurements would form the b a s i s  of a simple and 
powerful d i a g n o s t i c  technique f o r  measuring plasma parameters such a s  
e l e c t r o n  d e n s i t y  and temperature i n  t h e  l a b o r a t o r y  and i n  t h e  ionosphere.  
~~ ~ 
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8 1 INTRODUCTION 
Seve ra l  previous analyses have concerned t h e  impedance of a p a r a l l e l  
p l a t e  capac i to r  con ta in ing  plasma, i n  the  absence of a magnetic f i e l d  
(Wolff 1956, 1958; Vandenplas and Gould 1961; Weissglas 1962; H a l l  1963; 
Shure 1964). The o b j e c t  of t h i s  paper i s  t o  extend t h e  theory  t o  s i t u a -  
t i o n s  where a s t a t i c  magnetic f i e l d  is p resen t ,  p a r a l l e l  t o  t h e  metall ic 
boundaries. The s t u d i e s  are r e s t r i c t e d  t o  geometries i n  which the  wave 
equa t ion  i s  sepa rab le .  This i m p l i e s  R simple s e t  o f  normal modes, and 
the  occurrence of series of resonance f r equenc ie s .  S p e c i f i c a l l y ,  t h e  
two cases t o  be  examined are p a r a l l e l  p l a t e s ,  and i n f i n i t e l y  long 
coaxial, cy l inde r s ,  as shown i n  f i g .  1. 
I n  these problems , equ iva len t  plasma p e r m i t t i v i t y  concepts p l ay  an 
important r o l e .  For example, for 8 c a p a c i t o r  of a r b i t r a r y  geometry 
f i l l e d  with homogeneous co ld  plasma, t h e  impedance, Z , a t  frequency 
(I) i s  simply (ZO/cp) where Zo is  t h e  impedance wi th  f r e e  space 
as the  d i e l e c t r i c ,  t he  equ iva len t  plasma p e r m i t t i v i t y ,  E is given by 
P 
P 
[l - (“,2/w2)] 9 up is t h e  e l e c t r o n  plasma frequency, and t h e  s t a t i c  
magnetic f i e l d  s t r e n g t h ,  B , i s  ze ro .  Of f a r  more p r a c t i c a l  and 
t h e o r e t i c a l  i n t e r e s t  are cases  i n  which t h e  e l e c t r o n  temperature,  
i s  now zero.  The equ iva len t  plasma p e r m i t t i v i t y  is  then d i s p e r s i v e ,  i .e.  




The case  Te # 0 ~ B = 0 has been approached from s e v e r a l  d i f f e r -  
e n t  d i r e c t i o n s ,  and an e x c e l l e n t  t u t o r i a l  paper by Hal l  (1963) d e s c r i b e s  
and c o n t r a s t s  t h e s e .  Bas i ca l ly ,  t h e  t rea tment  may be e i t h e r  microscopic,  
i n  which case  i t  i s  founded d i r e c t l y  on t h e  Boltzmann equa t ion ,  o r  i t  
mag employ macroscopic equat ions  de r ived  by t ak ing  moments of t h e  
Boltzmann equat ion .  To t ake  a p a r t i c u l a r  case, t h e  l a t t e r  approach 
y i e l d s  t h e  fo1,lowing mathematically equ iva len t  s o l u t i o n s  f o r  t h e  
normalized u n i t  a r e a  impedance, Z , of a p a r a l l e l  p l a t e  plasma 
cap ac i t o r  
Where Z ((u) = (l/icuC ) ; Co = (E 2L) ; 2L i s  the  p l a t e  s epa ra t ion ;  
v = (pcTe/me) 'I2 ; y i s  the  a d i a b a t i c  compression cons t an t  f o r  t h e  
e l e c t r o n  gas (=3, 2 and 5/3 in  1 ,2 ,  and 3 dimensions);  kn = ( n n / 2 L )  , 
and k is obtained from, 




2 2  0 = 1 -  
T u2 - k v 
(3) 
I t  is  c l e a r  t h a t  resonances occur when 
i . e .  when ( 2 L / b )  [(a /up 2, - q1I2 = (2r + 1 ) '  , where 
kL = 1 2 r  + 1 )  n/2j  (r = 0, 1, o . .  1 , 
= (vT/w ) is approximately t h e  e l e c t r o n i c  Debye length ,  
~KTe/me)p/2/w J . S i n c e , i n  p r a c t i c e ,  t he  quan t i ty  ( 2 L / b )  must be 
a l a r g e  number so a s  to  s a t i s f y  t h e  d e f i n i t i o n  of a plasma, t he  implica- 
t i o n  is  t h a t  a very c l o s e l y  spaced series of resonances should be 
observed f o r  u) > w . 
- P  
Equation (1)  has been c r i t i c i z e d  on t h e  grounds t h a t  i t  ignores  
c o l l i s i o n l e s s  damping, an e f f e c t  which may be caused by e l e c t r o n s  i n  t h e  
unperturbed v e l o c i t y  d i s t r i b u t i o n ,  f o ( v )  , whose transit time between 
the  p l a t e s  is  an odd number of ha l f -per iods  of t he  appl ied  s i g n a l ,  and 
which a r e  consequently continuously acce le ra t ed  by the  e l e c t r i c  f i e l d  
(Weissglas 1962; H a l l  1963; Shure 1964). This  phenomenon can only be 
descr ibed  c o r r e c t l y  by the  microscopic theory .  A summation s i m i l a r  t o  
- 3 -  
t h a t  of eqn. (1) is again obta ined  but wi th ,  
The res idues  a t  the  poles  i n  t h e  in t eg rand  in t roduce  l o s s  analogous 
t o  Landau damping ( S t i x  1962)) and would c e r t a i n l y  make obse rva t ion  of 
t h e  resonances d i f f i c u l t ,  even i f  a s u f f i c i e n t l y  homogeneous plasma 
could be r e a l i z e d .  I n  the  l abora to ry ,  however, inhomogeneities change 
the  phenomena cons iderably :  The s e p a r a t i o n  between t h e  resonances i n c r e a s e s ,  
and they a r e  observable as the  w e l l -  known "Tonks-Dattner" series of 
peaks. Seve ra l  d e t a i l e d  numerical a n a l y s i s  of t h e s e  have been c a r r i e d  
out  success fu l ly  u s i n g  both macroscopic and microscopic t h e o r i e s  (Parker 
e t  a l .  1964; Crawford 1964; Leavens 1965; Harker 1965).  --
The foregoing d i scuss ion  se rves  t o  e x p l a i n  t h e  mot iva t ion  f o r  
, B # 0 extending  t h e  microscopic theory  t o  t h e  case w i t h  
In t h i s  s i t u a t i o n ,  t h e  resonant  modes of t h e  s y s t e m  are l o n g i t u d i n a l  
cyc lo t ron  harmonic waves which do no t  s u f f e r  c o l l i s i o n l e s s  damping 
(Berns te in  1958). They have t h e  a d d i t i o n a l  f e a t u r e  t h a t  t h e i r  propaga- 
t i o n  c h a r a c t e r i s t i c s  tend t o  be inf luenced  less by inhomogeneity of t he  
plasma than  by t h a t  i n  B , which can e a s i l y  be c o n t r o l l e d  exper imenta l ly .  
The impl i ca t ion  is t h a t  a more r e a d i l y  r e a l i z a b l e  exper imenta l  tes t  of 
t h e  theory may be poss ib l e  f o r  t h e  w a r m  magnetoplasma d i e l e c t r i c .  The 
r e l e v a n t  theory ,  and some computations, w i l l  be presented  i n  0 2 ,  and 
d i scussed  b r i e f l y  i n  6 3 .  
exac t  d e s c r i p t i o n  of t he  plasma behavior,  p a r t i c u l a r l y  nea r  boundaries,  
would be extremely complicated.  Many assumptions w i l l  be made, and 
although the  f i n a l  r e s u l t s  are p l a u s i b l e  p h y s i c a l l y ,  t h e i r  degree of 
v a l i d i t y  r equ i r e s  t o  be e s t a b l i s h e d  by experiment.  
Te # 0 . 
I t  should be emphasized a t  t h e  o u t s e t  t h a t  an 
- 4 -  
$ 2  THBORY 
2.1 P a r a l l e l  P l a t e  Capac i tor  
i s  continuous and c o n s i s t s  Jo ’ The t o t a l  conventional cur ren t  dens i ty ,  
J of the  plasma convection current dens i ty ,  
d e n s i t y  , Jd . I n  t h e  plasma region, 
and t h e  displacement cu r ren t  
P ’  
4 < x < L , we have 
- J~(LD)  = J ( X,W) + i* 0 E( x,~) . ( 5 )  P 
U s e  of the  equiva len t  p e r m i t t i v i t y  forms der ived f o r  an i n f i n i t e  plasma is 
usua l ly  j u s t i f i e d  by imaging, i .e. s e t t i n g  up an i n f i n i t e  s e r i e s  of p a r a l l e l  
p l a t e s  w i t h  per iod 2L . Successive p l a t e s  are d r iven  i n  an t iphase  so t h a t  
t he  t o t a l  cu r ren t  dens i ty  has a r ec t angu la r  waveform i n  space (Ha11,1963). 
T h i s  procedure is formally equivalent  t o  using t h e  f i n i t e  s i n e  t ransform 
( I r v i n g  and Mullineux 1959), 
0 
1 7  
+L 
f ( x )  = - ,) f ( k n )  COS k x . (6) n f (kn )  = f(x) cos knx dx , L -  -L n= 1 
Appl ica t ion  of t h i s  to eqn (5) y i e l d s ,  
where w e  have introduced t h e  equivalent  plasma p e r m i t t i v i t y  component 
(kn,w) ( S t i x  1962) .  Taking c o l l i -  €1 perpendicular  t o  the  magnetic f i e l d ,  
sions i n t o  account approximately (Ta ta ron i s  and Crawford 1963), t h i s  i s  given 
by 
- 5  - 
H e r e  v i s  the  e l e c t r o n / n e u t r a l  momentum t r a n s f e r  c o l l i s i o n  frequency; 
An = (k,R) ; w i s  t h e  e l e c t r o n  cyc lo t ron  frequency, and 
R = [(KT / m  )1/2/wc] i s  t h e  Larmor r ad ius  of an e l e c t r o n  wi th  thermal 
energy. Equation (8) i s  appropr i a t e  t o  a Maxwellian e l e c t r o n  v e l o c i t y  
d i s t r i b u t i o n .  Ion motions have been neg lec t ed .  For t h e  expres s ion  t o  
be v a l i d ,  i t  i s  r equ i r ed  t h a t  R << L . 
2 
C 
e e  
Rearranging eqn (7) , and i n v e r t i n g  the  t ransform,  
W 
Jo(knJW> cos k x n 
i w €  L €1 (kn,W 
E ( x , U )  = - 
n= 1 0 
which may be in t eg ra t ed  t o  give the  p o t e n t i a l ,  
W 
1 4 V(U) = i w €  II 
n= 1 0 
Applying eqn. (6)  w e  have, 
Jo(kn,u> = 
Jb(kn,U) s i n  (G) 
2 - s i n  (9) , 
kn 
which may be s u b s t i t u t e d  i n  eqn. (10) t o  y i e l d ,  f i n a l l y ,  
y i e  Ids  
J 
f 
A s  i n  t h e  previous work descr ibed  i n  $ 1, i t  is  i m p l i c i t  i n  t h e  a n a l y s i s  
l ead ing  t o  t h i s  r e s u l t  t h a t  a boundary cond i t ion  of specu la r  r e f l e c t i o n  
of t h e  e l e c t r o n s  has been assumed. 
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Two po in t s  may be observed d i r e c t l y  from eqn. (12).  F i r s t ,  there  
w i l l  be a series of plasma resonances occurr ing a t  the  cyclotron 
harmonics, where the  normalized impedance goes t o  zero  and, second, t h a t  
wherever the  condi t ion  E (k ,m) = 0 is  s a t i s f i e d ,  t he re  a re  geometric 
resonances and the  impedance w i l l  be i n f i n i t e .  These a re  j u s t  the  
frequencies  f o r  which cyclotron harmonic waves propagate. The resonances 
occur due to  a coupling between the  forced f i e l d  and s tanding  cyclotron 
harmonic waves. For frequencies and wave numbers which do not  s a t i s f y  
the  d ispers ion  r e l a t i o n ,  the  f i e l d s  e s t ab l i shed  within the  plasma may be 
understood as the  superposi t ion of an i n f i n i t e  number of longi tudina l  
waves. A s  the  opera t ing  frequency is  made more near ly  equal  t o  a 
resonance frequency, a s i n g l e  wave component w i l l  dominate the  summation, 
P rec i se ly  a t  resonance, the  coupling i s  optimum between the  forc ing  f i e l d  
and a p a r t i c u l a r  wave component. 
I n  
I t  w i l l  be remarked t h a t  eqn. (12) shows no c o l l i s i o n l e s s  damping. 
This is so because the  e lec t rons  gyrate  i n  the  magnetic f i e l d ,  r e tu rn ing  
t o  the  same posit ion every cyclotron per iod.  There is no group t r a v e l i n g  
backwards and forwards between the  p l a t e s ,  as was the  case f o r  zero 
magnetic f i e l d .  For propagation a t  angles o the r  than exact  perpendicw 
l a r i t y  t o  the  magnetic f i e l d ,  v e r y  s t r o n g  cyclotron and Landau damping 
e f f e c t s  are t o  be expected. 
The impedance descr ibed by eqn. (12) can be expressed as an equiva- 
l e n t  c i r c u i t .  I t  cons i s t s  of an i n f i n i t e  set of impedances i n  series, a 
t y p i c a l  member of which is 
This can be f u r t h e r  broken down 
2 .2  Coaxial Cvlinder CaDacitor 
I .  8 n2 f12 clCkn,u) 
as shown i n  f i g .  2 .  
The analysis  follows similar l i n e s  t o  t h a t  of the  previous sec t ion  
except t h a t  the  appropriate  transform is now the  f i n i t e  Hankel transform 
- 7 -  
------ -I----- 
I -z (wl- P" I I 
Fig. 2. Equivalent circuit representation of normalized, unit area 
impedance, Z ( u )  , of a parallel plate capacitor filled 
with a warm magnetoplasma. 
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(Sneddon 1951) defined by, 
where the  funct ion B (k r)  is given by, O n  
Bo (knr) = Jo (knr) No (k n a )  - Jo (kna) No (knr)  
Jo and No are the  zero-order Bessel funct ions of t h e  f - r s t  and second 
kind, respect ively.  In t h i s  sect ion,  kn is def ined by the  roots  of 
Bo (kn rb )  = 0 . 
Io  ’ In place of eqn. ( 5 ) ,  w e  have f o r  the cur ren t /uni t  length,  
t he  expression, 
Applying the  transformation; solving f o r  
form, and i n t e g r a t i n g  t o  obtain the  poten t ia l ,  exac t ly  as before,  y ie lds  
the  following expression f o r  the normalized impedance, 
E (kn,W) ; i nve r t ing  the  trans- 
z =  
2 
II 
2 ln (b /a )  
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where f o r  t h i s  geometry Co = [2 II ~ ~ / l n ( b / a ) ]  
given by eqn. (8) .  I t  may e a s i l y  be shown t h a t  i f  a - 09 , b m , 
and (b - a )  = 2L , eqn. (17) reduces c o r r e c t l y  t o  t h e  p a r a l l e l  p l a t e  
case of eqn. (12). 
, and EL(kn,a> is  again 
2 . 3  Computations 
For t h e  computations, i t  is convenient t o  put t he  p e r m i t t i v i t y  i n t o  
t h e  i n t e g r a l  form (Crawford 1965), 
This has been used i n  conjunct ion  wi th  eqns .  (2)  and (17) t o  o b t a i n  t h e  
normalized admittance p l o t s  f o r  p a r a l l e l  p l a t e  geometry shown i n  
f i g s .  3a and . b .  I n  t h e  f i g u r e s ,  t he  shaded zones mark reg ions  where t h e  
d e n s i t y  of resonance peaks w a s  very h igh  and d e t a i l e d  computations were 
no t  c a r r i e d  ou t .  Admittance has been chosen for t h i s  r e p r e s e n t a t i o n ,  
r a t h e r  than impedance s i n c e  an experiment would probably be c a r r i e d  out  
wi th  V cons tan t .  The admittance p l o t s  then i n d i c a t e  the  r f  c u r r e n t  
v a r i a t i o n  t o  be expec ted .  
2 2  
Figure 3(a)  shows c l e a r l y  t h e  e f f e c t  of i n c r e a s i n g  'ap /", ) 
The number of resonances i n  each  passband inc reases  r a p i d l y  wi th  t h i s  
parameter.  I t  w i l l  be noted t h a t  t he  resonances are extremely s h a r p .  
The impl i ca t ion  is t h a t  e f f e c t s  such as  magnetic f i e l d  inhomogeneity or 
c o l l i s i o n s  would tend t o  damp the  resonances s t r o n g l y .  Figure 3(b)  
demonstrates t h i s  c l e a r l y  f o r  a r e l a t i v e l y  low c o l l i s i o n  frequency. 
Only t h e  resonances i n  t h e  f i r s t  passband remain w e l l  marked. 
I n  any experimental  v e r i f i c a t i o n  of t h e  theory,  i t  would be more 
usua l  t o  maintain co cons tan t  while t h e  d i scha rge  c u r r e n t  and magnetic 
f i e l d  w e r e  varied.  This impl ies  t h a t  p l o t s  of t he  admittance v a r i a t i o n  
wi th  (ac/a) f o r  d i f f e r e n t  va lues  of (w:/ac2) would be ob ta ined .  The 
computed forms of t hese  a r e  shown i n  f i g s .  4 and 5 ,  and aga in  i n d i c a t e  the  
powerful in f luence  of c o l l i s i o n s  i n  damping t h e  resonances.  
- 10 - 
1.0 2.0 3 .O 
F i g .  3 ( a ) .  P a r a l l e l  p l a t e  capaci tor  - Normalized admittance v a r i a t i o n  
with (wC/u) and (cup2/uc') for (nv?/2Luc) = 0.1 , 
( a )  (v/fc) = o 
- 11 - 
1.0 
(0  /(AJc) 
Fig. 3( b) . Parallel plate capacitor - Normalized admittance variation 
with (uc/u) and (up2/uc2) for (nvT/2hc) = 0.1 , 
(b) (v/fC) = 0.003 
- 12 - 
3-' 2-' I .o 
Fig. 4(a). Parallel plate capacitor - Normalized admittance variation 
2 2  
with (o /LD) and (ap /w ) for (nvT/2Lw) = 0.1 , 
c 
(a) (v/fc) = o 
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3-' 2-I I .o 
Fig. 4(b). Parallel plate capacitor - Normalized admittance variation 
2 2  with (uc/u) and (u /a ) for (1fT/2h) = 0.1 , 
P 
(b) (v/fC) = 0.003 










Fig. ? ( a ) .  Coaxial cy l inder  capacitor - Normalized admittance v a r i a t i o n  
2 2  
with (a /a) and (Up /u> ) for ( v , / b )  = 0.02 , (b/a) = 3.0 , 
C 
( a )  (v/fc) = o 
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Fig. 5 ( b ) .  Coaxial cylinder capacitor - Normalized admittance variation 
with (uc/u) and (up 2 2  /u ) for ( V T / b c u )  = 0.02, (b/a) = 3.0 , 
( b )  (v/fc) = 0.003 
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0 3 DISCUSSION 
The most s e r i o u s  ob jec t ion  to  the a n a l y s i s  i n  t h i s  paper,  and t o  
a l l  previous plasma capaci tance t h e o r i e s ,  i s  the assumption of a specu- 
l a r l y  r e f l e c t i n g  boundary condi t ion.  This  assumption i s  a s  easy to 
c r i t i c i ze  as it is d i f f i c u l t  t o  improve upon, bu t  i s  f r equen t ly  used 
because of t he  t r a c t a b i l i t y  it l ends  to t h e  equat ions,  and because i t  
appea ls  s t r o n g l y  to phys ica l  i n t u i t i o n ,  It is c l e a r ,  however, t ha t  
near  the boundary plasma dens i ty  g r a d i e n t s  and shea th  e f f e c t s ,  f i n i t e  
Larmor r a d i u s  e f f e c t s ,  etc., would a l l  have to be taken i n t o  account i n  
any exac t  t reatment .  It  i s  probably better to  approach t h e  problem 
empi r i ca l ly ,  and indeed one of t h e  s t r o n g e s t  motives f o r  making expe r i -  
mental measurements on plasma c a p a c i t o r s  to  check the  theory  i n  t h i s  
paper i s  to  v e r i f y  whether its use  of t h e  simple specu la r  r e f l e c t i o n  
cond i t ion  l e a d s  to v a l i d  p red ic t ions  o r  not .  
Assuming t h a t  ou r  ana lys i s  is adequate,  w e  no te  t h a t  the theoreti- 
c a l  impedance s o l u t i o n s  i n d i c a t e  t h a t  t he  warm plasma capac i to r  i n  a 
magnetic f i e l d  should be r i c h  i n  resonances.  Since these can be w e l l  
spaced, and are not s u b j e c t  to c o l l i s i o n l e s s  damping, there i s  a some- 
what g r e a t e r  hope of success  i n  a t tempt ing  to f i n d  them exper imenta l ly  
than there i s  i n  the absence of  a magnetic f i e l d .  D i f f i c u l t i e s  i n  
c a r r y i n g  o u t  such an experiment would r e s u l t  f i r s t  from any misa l ign-  
ment of t h e  electrodes, s ince  the  wavelengths a r e  very short ,  Second, 
i n  view of t h e  high"Q" of the resonances,  magnetic f i e l d  inhomogeneities 
and c o l l i s i o n s  would exert smoothing e f f e c t s .  It  i s  not  d i f f i c u l t  exper- 
imenta l ly  to  o b t a i n  va lues  of 
not  be a dec id ing  f a c t o r .  Now t h a t  space probes have made the  ionos-  
phere r e a d i l y  accessible to experiment, i t  might be p o s s i b l e  to  c a r r y  
o u t  measurements o n  l a r g e  volumes of uniform, almost c o l l i s i o n l e s s ,  
warm plasma, i n  a h ighly  uniform magnetic f i e l d .  
(V/(u) - 10 -4 , so t h a t  the  l a t t e r  should 
I t  should be noted t h a t  t he  s t and ing  wave resonances i n  t h e  two 
geometries discussed i n  t h i s  paper d i f f e r  f r o m  the plasma resonances 
occur r ing  a t  t he  upper hybrid frequency and harmonics of  t he  cyc lo t ron  
frequency which have a l r eady  been observed i n  l abora to ry  plasma 
- 17 - 
. 
experiments us ing  p a r a l l e l  w i r e  probes (Crawford -- e t  a1 1964; Harp 1965 
a ,  b ;  Crawford and Weiss 1966). Mathematically, t h i s  geometry is  non- 
resonant .  The d r iven  probe simply e x c i t e s  a propagating c y c l o t r o n  
harmonic wave which spreads  w i t h  a c y l i n d r i c a l  wave f r o n t .  The r ece iv -  
i n g  probe measures the  t o t a l  p o t e n t i a l  r e s u l t i n g  from i n t e r f e r e n c e  
between the  propagating wave and t h e  d i r e c t l y  coupled c a p a c i t i v e  s i g n a l .  
There a r e  i n t e r f e r e n c e  peaks, bu t  no resonance e f f e c t s .  These r e s u l t s  
d o  e s t a b l i s h  the  v a l i d i t y  of eqn. (8) ,  however, f o r  t he  i n f i n i t e  plasma 
p e r m i t t i v i t y  d e s c r i p t i o n  employed i n  our  a n a l y s i s .  S ince  t h e  geometric 
resonances occurr ing  f o r  ( k  ,a) = 0 e f f e c t i v e l y  g ive  d i s c r e t e  
p o i n t s  on t h e  cyc lo t ron  harmonic wave d i s p e r s i o n  curves,  i t  should be 
p o s s i b l e  t o  t r a c e  o u t  t hese  curves from obse rva t ions  of the  resonances 
f o r  va r ious  c a p a c i t o r  dimensions. 
n 
. 4  
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